Abstract. In this article, we present two-grid stable mixed finite element method for the 2D Burgers' equation approximated by the P 2 0 − P1 pair which satisfies the inf-sup condition. This method consists in dealing with the nonlinear system on a coarse mesh with width H and the linear system on a fine mesh with width h H by using Crank-Nicolson time-discretization scheme. Our results show that if we choose H 2 = h this method can achieve asymptotically optimal approximation. Error estimates are derived in detail. Finally, numerical experiments show the efficiency of our proposed method and justify the theoretical results.
Introduction
In this paper, we consider the following 2D Burgers' equation with homogeneous boundary condition:
u(x, y, 0) = u 0 (x, y), in Ω × {0}, (1.2)
where Ω is a bounded convex domain in the plane and ∂Ω is the Lipschitz continuous boundary of Ω, J = (0, T ]. u 0 (x, y) is the initial value. T > 0 represents the given final time. f = f (x, y, t) is the prescribed force. The positive number ν is the coefficient of viscosity.
Burgers' equation can be regarded as a qualitative approximation of the Navier-Stokes equations. This equation incorporates both convection and diffusion, preserves the hybrid characteristic of the Navier-Stokes equations, and can be solved using similar numerical methods. It retains the nonlinear aspects of the governing equation in many practical transport problems such as aggregation interface growth, shock wave theory, transport and dispersion of pollutants in rivers and sediment transport. Thus, the numerical method has practical significance, and has drawn the attention of many researchers. Burgers' equation is so important that many numerical methods were developed in the past decades, for example, the spectral method, the finite difference method, the finite element method, the local discontinuous Galerkin method, see [1, 3, 10, 11, 13, 14, 15, 18] and the references therein.
Mixed finite element methods have been found to be very important for solving the problems of groundwater through porous media. For example, there are many applications of mixed finite element methods to miscible displacement problems that describe two-phase flow in a petroleum reservoir [8] . In a mixed finite element formulation, both the pressure and the flux, or displacements and stresses, are approximated simultaneously, e.g. see References [2, 8, 9, 17] . In [13] , a new mixed finite element method is used to approximate the solution as well as the flux of Burgers' equation. So in this paper, we still use the new mixed finite element method to discretize system (1.1)-(1.3) in space.
To linearize the resulting discrete equations, we use the two-grid method, which was first introduced by Xu [26, 27] as a discretization technique for nonlinear and nonsymmetric indefinite partial differential equations. It is based on the fact that the nonlinearity, nonsymmetry and indefiniteness behaving like low frequencies are governed by coarse grid and the related high frequencies are governed by some linear or symmetric positive definite operators. The basic idea of the two-grid method is to solve a complicated problem (nonlinear, nonsymmetric indefinite) on a coarse grid (mesh size H) and then solve an easier problem (linear, symmetric positive) on a fine grid (mesh size h and h H) as correction.
The two grid method is widely used in solving nonlinear problem, for example, Wu et al. [24] used two-grid method to solve the nonlinear reactiondiffusion equations by mixed finite element methods. Dawson et al. [7] used two-grid method for mixed finite element methods approximations of nonlinear parabolic equations. Chen et al. [4, 5] used two-grid method for nonlinear parabolic equations and semi-linear reaction-diffusion equations by expanded mixed finite element methods. Weng et al. [21, 22, 23 ] also used two-grid method for the semi-linear elliptic equations and the elliptic eigenvalue problem by a new mixed finite element method and so on. So we will apply two-grid scheme to the new mixed finite element methods for Burgers' equations.
As a continued work of Hu et al. [13] , in this paper, the method we study is to combine the stable mixed finite element method with the two-grid discretization for solving the 2D Burgers' equation based on the less regularity of flux. And the time is discreted by the Crank-Nicolson scheme. The key feature of the two-grid method is that it allows one to execute all the nonlinear iterations on a system associated with a coarse spatial grid. This procedure is basically to use the coarse grid to produce a rough approximation of the solution and then use it as the initial guess on a fine grid. This paper is divided into five sections. Notations and the new mixed formulation are stated in Section 2. In Section 3, the two-grid algorithm and its error estimates will be discussed. In Section 4, numerical experiments are given to illustrate the theoretical results and the efficiency of the proposed method. And the conclusions are given in the end of the paper.
Some Notations and Mixed Finite Element Approximation
Suppose that f ∈ L 2 (Ω). By introducing the flux p = −∇u, the mixed formulation of (1.
Here we denote by
(Ω). Throughout the paper, we employ the standard notations H s (Ω), · s , (·,·) s , s ≥ 0 for the Sobolev spaces of all functions having square integrable derivatives up to order s on Ω, the standard Sobolev norm, and inner product, respectively. When s = 0, we will write We use C to denote a generic positive constant whose value may change from place to place but remains independent of the mesh parameter h.
For any t ∈ J, we define the following bilinear forms
From (2.1), for any t ∈ J, a new variational formulation to Burgers' equation
Concerning this system, we give some properties.
Lemma 1. [19]
Bilinear form b(·,·) satisfies the so called inf-sup condition, i.e., there exists a constant β 1 > 0, such that
Based on new variational formulation (2.2), we address the stable conforming finite element approximation for P 2 0 − P 1 pair. Let K h be a uniformly regular family of triangulation of Ω. Now choose (V h , W h ) as the P 2 0 − P 1 finite-element pair as follows:
3)
Lemma 2.
[19] The P 2 0 − P 1 finite element pair defined by the spaces (2.3) satisfies the discrete inf-sup condition as follows:
There exists a standard L 2 projection operator Π : L 2 (Ω) → V h , which satisfies the following properties:
and if u ∈ H 1 0 (Ω), then we have
, then there exists a unique finite element solution (p h , u h ) ∈ V h ×W h to the following equations for
Moreover, there exists a positive constant M 1 independent of h, such that
The Two-Grid Algorithm Based on Crank-Nicolson Scheme
From now on, H and h H will be two real positive parameters tending to zero. Also, a coarse mesh triangulation of K H (Ω) of Ω is made like in Section 2 and a fine mesh triangulation K h (Ω) is generated by a mesh refinement process to K H (Ω). The conforming finite element space pairs (V h , W h ) and 
2 )τ , the two-grid stable finite element approximations are defined as follows:
Step 1: On the coarse grid K H , for given (p
Step 2: On the fine grid 
where
In order to obtain error estimate, we introduce some useful lemmas as follows:
First, we can give the error estimates of Step 1. 
Furthermore, we have
Proof. Let
From (2.6) and (2.8), we have
Using (2.1) and (3.1), for any q ∈ V H and v ∈ W H , we obtain the error equations as follows:
. From (2.4) and (2.9), we get
10)
We consider
instead of (3.11). From (3.11) and taking q = ∇
From the sum of (3.10) with v = 
From Theorem 1 and Theorem 2, using (3.6), (3.7), (3.13) and applying the Cauchy-Schwartz and Young inequality again, we obtain
The second term of the right side of (3.14) is similar to (3.15) . Here the constants of the Young inequality are chosen appropriately such that the coefficient of ξ n 1 2 in the right side of (3.14) is less than ν. Combining (3.14) with (3.15), adding all equations for each n with 1 ≤ n ≤ N and from Lemma 5, we have
Consequently, using (3.5), (3.7), (3.13), (3.16) and the triangle inequality, we complete the proof of (3.3).
Furthermore, we need to prove (3.4). Taking v =
τ , applying the Cauchy-Schwartz and Young inequality, we obtain from the sum of (3.10) and (3.11) such that ν ∇θ
From Theorem 1 and Theorem 2, using Green's formula, applying the CauchySchwartz and Young inequality, we obtain
Similarly,
Here δ i (i = 1, 2, . . . , 5) are chosen appropriately such that the coefficient of ∇θ n 1 2 0 on the right side of (3.17) is less than ν. Combining (3.17)-(3.19), using (3.6), adding all equations for each n with 1 ≤ n ≤ N and from Lemma 5, we have Consequently, using (3.6), (3.20) , and the triangle inequality, we complete the proof of (3.4). Next, we can give the error estimates of Step 2. Proof. Let
Using (2.1) and (3.2), for any q ∈ V h and v ∈ W h , we obtain the error equations as follows:
From (2.4) and (2.9), we get
We consider in the right side of (3.27) is less than ν. Combining (3.27)-(3.29), using (3.4), adding all equations for each n with 1 ≤ n ≤ N and from Lemma 5, we have
Consequently, using (3.22), (3.26), (3.30) and the triangle inequality, we complete the proof of (3.21). Table 1 . Relative error and convergence rate of the two-grid method for the velocity and flux with τ 2 = h and ν = 1. 
Numerical Experiments
In this section, we report two test problems for 2D Burgers' equation using a new mixed finite element method based on the Crank-Nicolson scheme with H 2 = h in unite-square domain and L-shape domain respectively. The accuracy and the numerical stability of our method are checked, then we compare the results obtained by our method with those obtained by one-grid method. Our algorithms are implemented using the public domain finite element software [12] . Example 1. The exact solution u is given as follows:
The initial condition in (1.2) is set according to the exact solution and the right-hand side f (x, y, t) determined by (1.1). Here, the final time T = 1. In this experiment,
The mesh is obtained by dividing Ω into squares and then drawing a diagonal in each square. Fig. 1 (a) gives the unite-square domain [ Tables 1-6 , we show relative errors and the convergence of two-grid method and one-grid method when we take τ 2 = h, ν = 1, 0.1, 0.01 for P Table 2 . Relative error and convergence rate of the one-grid method for the velocity and flux with τ 2 = h and ν = 1. Table 3 . Relative error and convergence rate of the two-grid method for the velocity and flux with τ 2 = h and ν = 0.1. Table 4 . Relative error and convergence rate of the one-grid method for the velocity and flux with τ 2 = h and ν = 0.1. Table 5 . Relative error and convergence rate of the two-grid method for the velocity and flux with τ 2 = h and ν = 0.01. finite element pair based on the Crank-Nicolson scheme in time, respectively. We obtain the optimal error estimates in Theorem 4. And the two methods keep the same convergence rates. We also give the CPU time of two methods in Tables 1-6 . From these tables, we know that computing the Burgers' equation by using two-grid method is less than by using one-grid method in CPU time.
Obviously, the computed time of our method is not much less than the one-grid method. Table 6 . Relative error and convergence rate of the one-grid method for the velocity and flux with τ 2 = h and ν = 0.01. According to the numerical results in Tables 1-2, the velocity of the H 1 norm error convergence order and flux of the L 2 norm error convergence order are shown in Fig. 2 by using the different methods. From Fig. 2 we can see that the convergence orders of the two methods are substantially coincident, and this shows that the results are reasonable. Moreover, we take 1/h = 100 and 1/H = 10.
In Fig. 3 , we give plots of the numerical solutions of the velocity and pressure which are obtained by using one-grid method and two-grid method when we take x = 0.25 in square domain. Seen from this figure, there are not any negative effect for the Burgers' equation by two methods in the range of allowable error if compared with the exact solution. In brief, our method can get the same convergence rate of the one-grid method and with less time.
Example 2. We take an example of the Burgers' equation (1.1)-(1.3) the righthand side f (x, y, t) of which is determined by the exact solution u of trigonometric function: u = t 2 + 1 sin(2πx) sin(2πy).
In this experiment, Ω is the L-shape domain [0, 1] × [0, 1] in R 2 , are shown in Fig. 1 (b) . The final time T = 1. In Tables 7-8 , relative errors and the convergence of two-grid method and one-grid method for P Table 7 . Relative error and convergence rate of the two-grid method for the velocity and flux with τ 2 = h and ν = 1. methods in Tables 7-8 , and are shown in Fig. 4 . From the plot, we can see that the CPU time of two-grid method for solving the Burgers' equation is much shorter than the CPU time for the one-grid method.
Conclusions
In this work, we have extended and studied the two-grid method for 2D Burgers' equation discretized by a new mixed finite element method based on the CrankNicolson scheme. A priori error estimate has been derived and numerical results agreeing with the estimates have been presented. Obviously, this method can be expanded to the case of three dimensions. And further developments can extend these techniques and ideas to the other nonlinear problems, for example, Cahn-Hilliard equation, MBE models, etc. see [16, 25, 28] and the references therein. Furthermore, the P 2 0 − P 1 pair combined with the LDG method can be expanded to solve a shock problem.
